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The boundedness of Hardy type operator H f (x) = ∫{t∈Rn: |t||x|} f (t)dt is studied in
weighted variable exponent Lebesgue spaces Lp(·) . The necessary and suﬃcient criterion
established on the weight functions v(x), ω(x) and exponents p(x), q(x) for the Hardy
operator to be bounded from Lp(·)(ω) to Lq(·)(v). The exponents satisfy a modiﬁed
logarithmic condition near zero and at inﬁnity: ∃δ > 0, ∃ f∞, ∃ f (0) ∈ R supx∈B(0,δ)| f (x) −
f (0)| ln 1W (x) < ∞; ∃N > 1 supx∈Rn\B(0,N)| f (x) − f∞| lnW (x) < ∞, where W (x) =∫
{t∈Rn: |t||x|} ω
−1/(p(t)−1)(t)dt.
© 2008 Elsevier Inc. All rights reserved.
1. Introduction
The aim of this paper is to investigate two-weighted Hardy inequalities in the norms of generalized Lebesgue
spaces Lp(·)(Rn). Namely, we consider the necessary and suﬃcient conditions for the validity of the inequality∥∥v1/q(x)H f (x)∥∥q(·)  C∥∥ω1/p(x) f (x)∥∥p(·) (1.1)
for a Hardy type operator











This problem is a classical one if the exponents p(x), q(x) are constant (see, for example, [2,8,13,14]). For variable exponents
we refer to [3–5,7,9,12,15,16]. These works deal with particular cases of inequality (1.1) or consider individual suﬃcient and
necessary conditions. For power weights a necessary and suﬃcient condition is proved in [4] (one-dimensional case). The
case of weak inequality studied in [3].
In [1] the authors proved (see Theorem 2.1) a modular form of the inequality (1.1) in case of v(x) = ω(x)/xp(x) ,
q(x) ≡ p(x). They show that the only possibility of such inequalities to hold is that, essentially, p has to be a constant
function.
Applying other approaches, in this paper we consider a general weighted inequality. Like the previous authors, to char-
acterize the behavior of exponents we also consider the logarithmic conditions near zero and at inﬁnity. However in our











, where σ(x) = ω−1/(p(x)−1)(x). (1.2)
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It is obvious that the function W (x) is radial and depends only on |x|. Therefore for this function we will further use the
notation W˜ (|x|) = W (x) where W˜ (|x|) is a function of one variable.
In Theorem 2.1 we prove the weighted Hardy inequality assuming a logarithmic condition for the exponents p(x), q(x)
and obtain the necessary and suﬃcient conditions on the weighted functions v and ω. Using Theorem 2.1 in Corollary 2.1
we come to the previously known results in the case of power weights [4,7,9].
2. Auxiliary statements. The main results
Throughout the paper, we will deal with the measurable functions p,q :Rn → [1,∞) as exponential functions and








σ dt for |x| > N; W (x) = W0(x).
B(0,a) denotes a usual Euclidean ball of radius a and with center at point 0.
For the weight functions we assume the following natural conditions:
σ = ω− 1p(x)−1 ∈ L1(B(0,a)), v(x) ∈ L1(Rn \ B(0,a)) for any a > 0, V (0) = ∞, W (∞) = ∞. (2.1)
The space Lp(·)(Ω), where Ω ⊂ Rn , is introduced as the set of functions with a ﬁnite modular I p( f ) :=
∫
Ω
| f (x)|p(x) dx,
while the norm of Lp(·)(Ω) is introduced in the form
‖ f ‖Lp(·)(Ω) = inf
{








For the basic properties of spaces Lp(·) we refer to [6,10].
For the exponential functions p(x), q(x) we will consider the following conditions near zero and at inﬁnity:
∃δ > 0, ∃ f (0) ∈R sup
x∈B(0,δ)
∣∣ f (x) − f (0)∣∣ ln 1
W (x)
< ∞; (2.2)
∃N > 1, ∃ f∞ ∈R sup
x∈Rn\B(0,N)
∣∣ f (x) − f∞∣∣ lnW (x) < ∞. (2.3)
Note that condition (2.2) for the function p(x) yields an estimate
C−11 W (x)
p(0) W (x)p(x)  C1W (x)p(0) for |x| δ. (2.4)
And the condition (2.3) yields the estimate
C−11 W (x)
p∞ W (x)p∞  C1W (x)p∞ for |x| N. (2.5)
Denote p−x = inf{p(t): t ∈ B(0, |x|)}; p− = inf{p(x): x ∈Rn}, p+ = sup{p(x): x ∈Rn}; χE denotes the characteristic func-
tion of the set E ⊂Rn .
In proving our results we need to use some auxiliary statements that are given below.
The generalization of a weighted Hardy inequality to a multidimensional case given in Theorem 2.1 was for the ﬁrst
time formulated and proved by authors [11,14]. For the sake of exposition completeness we give our proof of the above-
mentioned statement based on other approaches.
Lemma 2.1. Let f :Rn → R and p :Rn → [1,∞) be measurable functions. For a given function f (x), we denote by fˆ (x) the func-
tion f ( x|x|2 ). Then the equality
‖ f ‖p(·) =
∥∥|y|−2n/pˆ fˆ ∥∥pˆ(·) (2.6)
is valid.








∣∣∣∣ |y|−2n/pˆ(y) fˆ (y)λ
∣∣∣∣
pˆ(y)
dy; λ > 0,
which immediately implies that the lemma is valid. 
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< ∞; C ∼ C1/qpq . (2.8)
Proof. Let F (x) = ∫{y∈Rn: |y||x|} f (y)dy. Then it is clear that F (x) is a radial function. Let F˜ (|x|) = F (x), where F˜ (t) is
a function of one variable. For any λ ∈ (0, limt→∞ sup F˜ (t)) there exists a minimal ρλ > 0 such that F˜ (t)  λ for t > ρλ .











































, by virtue of condition (2.8).




































































from which follows the required inequality (2.7) with constant 2(Cpqq ln 2)1/q .
The necessity of condition (2.8) is easily proved if we substitute the test function
ft(x) = ω−1/(p−1)(x)χB(0,t)(x), t > 0,
into inequality (2.7). 


























In this paper we prove the following main results.
Theorem 2.2. Let q(x)  p(x), 1 < p−  p(x), q(x)  q+ < ∞ for x ∈ Rn. Let further conditions (2.2) and (2.3) be fulﬁlled
for p(x), q(x). The inequality (1.1) is valid for the operator H f and any function f (x) 0 if and only if
∃δ > 0 sup
x∈B(0,δ)
V δ(x)W (x)
q(0)/p′(0) < ∞, and (2.11)
∃N > 1 sup
x∈Rn\B(0,N)
V (x)WN (x)
q∞/p′∞ < ∞. (2.12)
Applying Theorem 2.2 to the case of power weights we obtain the following result.
Corollary 2.1. Let for the functions p, q, β conditions (2.2) and (2.3) be fulﬁlled with replacing in them the function W (x) by |x|, where
β :Rn →R is a measurable function. The inequality∥∥|x|β(·)− 1p′(·) − 1q(·) H f ∥∥q(·)  C2∥∥|x|β(·) f ∥∥p(·) (2.13)
holds for any function f (x) 0 if and only if
β(0) < 1/p′(0), β∞ < 1/p′∞. (2.14)
Proof. To prove the corollary it is suﬃcient to verify the fulﬁllment of conditions (2.11) and (2.12). This can be easily done
by using the estimates
|x|(β(x)− 1p′(x) − 1q(x) )q(x) ∼ |x|(β(0)− 1p′(0) − 1q(0) )q(0), |x|β(x)·p(x) ∼ |x|β(0)·p(0) (2.15)
near zero and
|x|(β(x)− 1p′(x) − 1q(x) )q(x) ∼ |x|(β∞−
1
p′∞
− 1q∞ )q∞ , |x|β(x)·p(x) ∼ |x|β∞·p∞ (2.16)
at inﬁnity, which arise from conditions (2.2) and (2.3), respectively.









v(y)dy for |x| > N; V¯ (x) = V¯0(x).
Instead of (2.1) we make the following requirements:
σ = ω− 1p(x)−1 ∈ L1(Rn \ B(0,a)), v(x) ∈ L1(B(0,a)), V¯ (∞) = ∞, W¯ (0) = ∞ for any a > 0. (2.17)
We further assume that instead of conditions (2.2) and (2.3) the following conditions are fulﬁlled:
∃N > 1, ∃ f∞ ∈R sup
x∈Rn\B(0,N)
∣∣ f (x) − f∞∣∣ ln 1
W¯ (x)
< ∞, and (2.18)
∃δ > 0, ∃ f (0) ∈R sup
x∈B(0,δ)
∣∣ f (x) − f (0)∣∣ ln W¯ (x) < ∞. (2.19)
Then we have the following statement for the operator H¯ f . 
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and v(x), ω(x). The inequality∥∥v1/q(x) H¯ f (x)∥∥q(·)  C∥∥ω1/p(x) f (x)∥∥p(·) (2.20)
is valid for the operator H¯ f and any function f (x) 0 if and only if
∃δ > 0 sup
x∈B(0,δ)
V¯ (x)W¯δ(x)
q(0)/p′(0) < ∞, and (2.21)
∃N > 1 sup
x∈Rn\B(0,N)
V¯ N(x)W¯ (x)
q∞/p′∞ < ∞. (2.22)
Proof. Since Gˆ = H( fˆ |y|−2n), by Lemma 2.1 we have∥∥H¯ f (x)v(x)1/q(x)∥∥q(·) = ∥∥Gˆ‖y‖−2n/qˆ vˆ1/qˆ∥∥qˆ(·)
= ∥∥H( fˆ |z|−2n)(y)|y|−2n/qˆ vˆ1/qˆ∥∥qˆ(·), by Theorem 2.2,
 C2
∥∥ fˆ ωˆ1/pˆ|y|−2n/pˆ∥∥pˆ(·), by Lemma 2.1,
= ∥∥ fω1/p∥∥p(·)
where G = H¯ f (x).
In applying Theorem 2.2 we took into consideration the fact that conditions (2.17), (2.21) and (2.22) for the weights v , ω
transform to conditions (2.1), (2.11) and (2.12), respectively, for the weights v1 = |y|−2n vˆ(y), ω1 = |y|2n(pˆ−1)ωˆ(y) and the
indexes q1 = qˆ(y), p1 = pˆ(y). Also, conditions (2.2) and (2.3) for the indexes q1, p1 transform to conditions (2.18) and (2.19)
for the indexes p, q.
Theorem 2.3 is proved. 
3. Proof of Theorem 2.2
Suﬃciency. Estimation near zero. Let f (x) 0 be an arbitrary function satisfying the condition∥∥ fω1/p∥∥p(·)  1. (3.1)
Let x ∈ B(0, δ)-be an arbitrary ﬁxed point where δ > 0 is a suﬃciently small number for condition (2.2).





f χ f (t)/σ (t)1 dt +
∫
B(0,|x|)
f χ f (t)/σ (t)<1 dt. (3.2)
Then ∫
B(0,|x|)
f χ( f /σ )1 dt =
∫
B(0,|x|)
























Taking into account the condition q(x) p(x), from (3.3) we obtain
( ∫
B(0,|x|)
( f /σ )p(t)/p
−
x χ f /σ1σ dt
)q(x)




































































′ ∼ W (x)q(0)/p′(0); x ∈ B(0, δ), (3.7)




















Using inequality (2.9) in (3.8) and assuming ω1 = ω(x)
p−−1
p(x)−1 , v1 = v(x)W (x)
q(0)










( f /σ )p(t)σ dt
)
,










It is not diﬃcult to verify that q(0)p′(0) − (p− − 1) > 0 and therefore by condition (2.11) we have
W
q(0)
p′(0) −(p−−1)(x) C5V δ(x)−1+
p′(0)
q(0) (p
−−1); x ∈ B(0, δ). (3.9)
Passing to a system of spherical coordinates with origin at zero, by virtue of (3.9) we obtain


















−−1  C6. (3.10)




f χ( f /σ )1 dt
)q(x)
v(x)dx C7 (3.11)
and for the second summand in (3.2) an estimate∫
B(0,|x|)
f χ( f /σ )<1 dt =
∫
B(0,|x|)
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σ dt = C9W˜ (δ) = C10. (3.14)
Note that condition (2.10) follows from the fulﬁllment of condition (2.11).
Estimation at inﬁnity. Let N > 1 be a suﬃciently large number from condition (2.3). We will follow the same argumenta-























:= 2q+−1(I1 + I2). (3.15)




















v(x)dx = C12. (3.16)

















σ dt = W (x). (3.17)











{x: g(x)<1/W (x), |x|>N}
gq(x)Wq(x)v(x)dx+
∫







{x: g(x)>1/W (x), |x|>N}
gq∞ gq(x)−q∞Wq(x)v(x)dx
 V˜ (N) +
∫
gq∞ gq(x)−q∞Wq(x)v(x)dx
{x: g(x)>1/W (x), |x|>N}∩{x: q(x)>q∞}
528 F.I. Mamedov, A. Harman / J. Math. Anal. Appl. 353 (2009) 521–530+
∫
{x: g(x)1/W (x), |x|>N}∩{x: q(x)q∞}
gq∞ gq(x)−q∞Wq(x)v(x)dx
 V˜ (N) +
∫


















Fq∞ v(x)dx, by (2.3),




Applying inequality (2.9) to (3.18) when 1  p1  q1 < ∞ and assuming ϕ = f χ( f /σ )<1; v1 = v; ω1 = ω(p∞−1)/(p(x)−1);
q1 = q∞ , p1 = p∞ , a = N , b = ∞ we obtain∫
Rn\B(0,N)
Fq∞ v dx C14
( ∫
Rn\B(0,N)







f p∞ω(p∞−1)/(p(x)−1)χ f /σ<1 dx
)q∞/p∞
+ V˜ (N). (3.19)








( f /σ )p∞χ f /σ<1σ dx
=
∫
{x: f /σ<W−2/p∞ (x), |x|>N}
( f /σ )p∞χ f /σ<1σ dx+
∫
{x: f /σW−2/p∞ (x), |x|>N}
( f /σ )p∞χ f /σ<1σ dx

∫
{x: f /σ>W−2/p∞ (x), |x|>N}∩{x: p(x)<p∞}
( f /σ )p( f /σ )p∞−pχ f /σ<1σ dx
+
∫
{x: f /σ>W−2/p∞ (x), |x|>N}∩{x: p(x)p∞}








{x: f /σ1, |x|>N}∩{x: p(x)<p∞}
( f /σ )pσ dx
+
∫
{x: f /σ1, |x|>N}∩{x: p(x)>p∞}
W 2(p−p∞)( f /σ )pχ f /σ<1σ dx+ C15
∫
Rn\B(0,N)






σ 1−p f p dx, by (3.1),
= C16 + C15
∫
Rn\B(0,N)
f pωdx = C17. (3.20)





v(x)dx C18. (3.21)R \B(0,N) B(0,|x|)\B(0,N)





















ω−1/(p−1) dt = W˜ (N) C19,
by virtue of (3.1) and Hölder’s inequality, for p(·)-norms we have an estimate∫
B(0,N)
f (t)dt  C20
∥∥ fω1/p∥∥p(·); B(0,N)∥∥ω−1/p∥∥p′(·); B(0,N)  C21. (3.23)










V˜ (N) = C22. (3.24)







































The suﬃciency of Theorem 2.2 is proved.







for inequality (1.1). Then it is obvious that
H ft(x) = W (x)
W (t)1/p(0)
χB(0,t)(x) + W (t)1−1/p(0)χB(0,δ)\B(0,|t|)(x).

































p(0) )q(x) dx, by (2.2),B(0,δ)\B(0,|t|)





= C25V δ(t)W (t)q(0)/p′(0). (3.27)
The necessity of condition (2.11) is proved.






σ(x)χB(0,t)\B(0,N)(x), |t| > N.
Let t ∈Rn \ B(0,N), where N is a suﬃciently large number from condition (2.3). Then
H ft(x) = WN (x)
W 1/p∞N (t)
χB(0,|t|)\B(0,N)(x) + W 1−1/p∞N (t)χRn\B(0,|t|)(x). (3.28)











































= C27V (t)WN (t)q∞/p′∞ .
The necessity of condition (2.3) is proved.
Theorem 2.2 is proved.
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